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1 Introduction

In Algebraic Geometry we study the relationship between geometric objects and algebraic
objects. So throughout we will try to construct a dictionary between algebraic and
geometric objects. Towards the end we prove the Equivalence of categories between the
Category of a�ne variety and the opposite category of �nitely generated integral domain
over an algebraically closed �eld.
We �rst de�ne univariate polynomial ring:

De�nition 1.1: Let R be a ring. Then,

R[X] = {a0 + a1X1 + a2X
2
2 + · · ·+ anX

n
n | ai ∈ R and an ̸= 0}

Similarly we can consider R[X1, ..., Xn] as R[X1, ..., Xn−1][Xn]
i.e., polynomial ring with indeterminate Xn and coe�cient from polynomial in ring
R[X1, ..., Xn−1].

De�nition 1.2: We de�ne zero set or zero locus of set of polynomial S in R[X1, ..., Xn]
as follows:

Z(S) = {(a1, ..., an) ∈ Rn | f(a1, ..., an) = 0 ∀ f ∈ S}

Example 1.1: An a�ne plane curve is the zero set of one complex polynomial in the
complex plane C2.

It can happen that Z(S) is empty.

Example 1.2: Let R = R and consider single equation in one variable f(x) = x2 + 1
then zero set is empty over R.

We don't want Z(S) to be empty. And Hilbert's Nullstellenzats gives us the assurance
that Z(S) won't be empty when working over an algebraically closed �eld.
So throughtout we will be working over algebraically closed �eld k. Further,
on the geometric side we don't want vector space structure of kn. We just want points
of kn on which we can de�ne topology and work with continuous functions.
So kn+ Zariski topology is an a�ne n-space which we have shown in section 3 .

2 Commutative Algebra

De�nition 2.1 (Minimal Prime Ideal): A prime ideal p is said to be minimal prime
ideal over an ideal I if it is minimal among all prime ideals containing I. (If I is prime
then I is the only minimal prime over it).

De�nition 2.2 (Krull dimension): Krull dimension of ring R is the supremum of the
lengths of chains of prime ideals in R. Denoted by dimR.

Now, R be a ring and I be prime ideal then codimI (also called height of I or rank I) is
by de�nition Krull dimension of local ring RI .
If I is not prime then we de�ne codimI to be minimum of the codimensions of primes
containing I.
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Lemma 2.1 (Nakayama Lemma): Let M be �nitely generated R-module and I be
an ideal in Jacobson radical or J(R) such that IM =M then M = 0.

Proof: By proposition 2.6[p.21] in [AM94].

De�nition 2.3 (Artin ring): A ring R is called Artinian if it satis�es Descending Chain
Condition on ideals.

Theorem 2.1: If R is Artinian integral domain then R is a �eld.

Proof: Let x ∈ R be non-zero element. Consider (x) ⊇ (x2) ⊇ · · · which stabilizes, so
there exists m ∈ Z+ such that for n ≥ m, (xn) = (xn+1). Therefore xn = axn+1 for some
a ∈ R. Since R is integral domain we have 1 = ax and the result follows.

Corollary 2.1: In Artinian ring every prime ideal is maximal.

Proof: By theorem 2.1 and the fact that R/p is a �eld if and only if p is maximal ideal.

Theorem 2.2: Ring R is Artinian if and only if it is Noetherian with krull dimension
zero.

Proof: Theorem 8.5[p.90] in [AM94].

De�nition 2.4 (Localization at prime ideal): De�ne multiplicative set S = R \ p
where p is prime. (1 ∈ S and for a, b ∈ S then ab ∈ S). S−1R is localization denoted by
Rp. Rp is a local ring and is called local ring of R at p.

f : R −→ Rp de�ned as f(r) = r
1
. Let p be prime ideal of R.

pRp = pe =

{∑
�nite

f(xi)si | si ∈ Rp, xi ∈ p

}
= {pi

b
| pi ∈ p, b ∈ S}.

Lemma 2.2: pRp is maximal ideal of Rp.

Proof: Suppose I is an ideal of Rp with pRp ⊊ I. Then I must contain unit because pRp

contains all non-units. Further if m ⊆ pRp and m is maximal then m = pRp and if m is
not contained in pRp then m contains units. Hence, Rp is local ring.

De�nition 2.5 (Symbolic Power): Let p be prime ideal in ring R and n ∈ N. The
following ideal is called nth symbolic power of p.

p(n) = pnRp ∩R = {a ∈ R | ab ∈ pn for some b ∈ R \ p}

Remark: For prime ideal p we have p(1) ⊇ p(2) ⊇ p(3) · · ·

Lemma 2.3: pn ⊆ p(n) ⊆ p

Proof: Let a ∈ pn then a · 1 ∈ pn. It implies a ∈ p(n) and pn ⊆ p(n).
Now let a ∈ p(n) then ab ∈ pn (b ∈ S) implies ab ∈ p and we have a ∈ p.
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Lemma 2.4: p(n) is p−primary.

Proof: Since p is prime,
√
p = p. Therefore by above lemma

√
pn = p ⊆

√
p(n) ⊆ √p. It

implies
√
p(n) = p.

To show p(n) is primary. Let ab ∈ p(n) or abx ∈ pn for x ∈ R \ p then to show

a ∈ p(n) or bm ∈ p(n). If b /∈
√
p(n) = p then b ∈ R \ p. We have abx ∈ pn with bx ∈ R \ p.

So, a ∈ p(n). Hence, p(n) is p− primary.

Lemma 2.5: p(n)Rp = pnRp.

Proof: Since pn ⊆ p(n) ⊆ p it implies that pnRp ⊆ p(n)Rp

To show: p(n)Rp ⊆ pnRp.
Let b

s
∈ p(n)Rp. Now b ∈ p(n) implies bc ∈ pn for some c ∈ R\p. Therefore, b

s
= bc

sc
∈ pnRp

and p(n)Rp ⊆ pnRp. Thus, p
(n)Rp = pnRp.

Theorem 2.3: Primes ideals of Rp are in one to one correspondence with prime ideal I
in R such that I ⊂ p.

Proof: Proposition 2.6(c) and example 6.8[p.55] in [Gat20].

Theorem 2.4: Any minimal prime ideal of R is contained in the set of zero divisors of
R.

Proof: Let p be minimal prime ideal of R. Let S = R\p. Then pRp is unique maximal
ideal as well as unique prime ideal of Rp.Therefore nilradical of Rp = pRp and so element
of pRp is nilpotent.Let a ̸= 0 and a

b
∈ pRp then (a

b
)n = 0. It implies an

bn
= 0

1
and hence

u(an · 1− 0 · b) = 0 for some u ̸= 0 ∈ S. Therefore u · an = 0 with u ̸= 0. Hence an is zero
divisor which gives us a is zero divisor of p.

Theorem 2.5: [Krull's Principal ideal theorem] Let R be
Noetherian ring. If x ∈ R be non-zero and non-unit and P is minimal among prime ideals
containing (x), then codim(P ) ≤ 1.

Proof: Let x ∈ R and P be the minimal prime ideal containing (x). We show that if
Q ⊊ P is prime then dimRQ = 0 and thus codim(P ) ≤ 0.
From theorem 2.3 we have Codim(P ) =dim(RP ). Let S = R \ P and x ∈ P then PRP

contains x
1
. Suppose there is another prime ideal in RP containing x

1
say qRP with q ⊂ P

then x
1
∈ qRP and it will imply x ∈ q which is contradiction since P is the minimal

prime containing (x) and is unique prime ideal of RP . Hence we have RP is Noetherian,
local ring with PRP minimal prime ideal over x such that codim(PRP ) = codim(P ).
Therefore without loss of generality assume R is local ring with maximal ideal P .
Now since P is minimal over (x). Prime ideals of R/(x) are prime ideals of R containing
(x). i.e. in this case P . So dimR/(x) = 0 and R/(x) is Noetherian and by theorem 2.2
R/(x) is Artinian.
Thus from above and remark 1 the chain

(x) +Q ⊇ (x) +Q(2) ⊇ (x) +Q(3) · · ·

stabilizes so there exists n such that (x) +Q(n) = (x) +Q(n+1)

Claim: Q(n) = Q(n)(x) = Q(n+1).
Hence Q(n) ⊂ (x) +Q(n+1) and so for f ∈ Q(n) we have
f = ax+ g with g ∈ Q(n+1) it implies ax = f − g ∈ Q(n) ⊆ Q by lemma 2.3.
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By de�nition 2.5 axb ∈ Q(n) for b ∈ R \Q. Also, x /∈ Q implies that xb ∈ R \Q and
a ∈ Q(n). It implies f ∈ Q(n)(x) +Q(n+1) and Q(n) ⊆ Q(n)(x) +Q(n+1). By remark 1,
Q(n) ⊇ Q(n+1) implies Q(n) ⊇ Q(n)(x) + Q(n+1) and hence our claim follows. Now, quo-
tienting out both sides by Q(n+1) we get Q(n)/Q(n+1) = (x)Q(n)/Q(n+1). Therefore by
lemma 2.1, Q(n)/Q(n+1) = 0 and it implies Q(n) = Q(n+1). Let RQ be the localization at
prime ideal Q. Then

QnRQ =

{
a

b
| a ∈ Qn and b ∈ R\Q

}
It follows from the claim if x ∈ QnRQ then x ∈ Qn+1RQ and we get QnRQ ⊆ Qn+1RQ.
So, we have QnRQ = Qn+1RQ, i.e., Q

nRQ = QRQ ·QnRQ and by lemma 2.1
QnRQ = 0 = (QRQ)

n. Since Q is prime ideal we have QRQ is prime ideal of RQ which is
Artinian ring. Therefore QRQ is unique maximal ideal that is nilpotent and it will imply
QRQ is unique prime ideal of RQ. So dim(RQ) = 0 = codim(Q) and codim(P ) ≤ 1.

Theorem 2.6: Let R be Noetherian Domain. Then R is Unique Factorization Do-
main(UFD) if and only if every height(ht) one prime ideal is principal.

Proof: Suppose R is UFD and p is prime ideal such that ht(p) = 1. Then p is non-
zero prime ideal. Suppose x ∈ p is non zero and non unit.Then since R is a UFD we
have x = a1 · a2 · · · an ∈ p where ai are irreducibles of R. Without loss of generality, let
a1 ∈ p then (a1) ⊆ p and (a1) is prime ideal.Since R is integral domain (0) is prime ideal
and a1 ̸= 0. Therefore, ht(a1) ≥ 1 but ht(p) = 1. Hence ht(p) = ht(a1) and p = (a1).
Conversely, suppose every prime ideal of ht 1 is principal and since R is Noetherian, every
non-zero and non-unit element can be factored into irreducibles.So it is enough to show
every irreducible element of R is prime element. Let a be irreducible and p be minimal
over (a). So ht(p) = 1 and (a) ⊆ p = (y) for y ∈ p. Hence a = yx for x is a unit and
y ∈ (a). We get (a) = (y). Therefore a is prime.

Theorem 2.7 (Hilbert's Nullstellenzats weak form): Let k be algebraically closed
�eld and f1, f2, ..., fn be polynomials in k[X1, ..., Xn] then Z(f1, ..., fn) = ∅ if and only if
there exists gi ∈ k[X1, ..., Xn] such that

∑
gifi = 1.

Proof: Corollary 1.7[p.34] in [Eis95].

Theorem 2.8 (Hilbert Basis Theorem): If Commutative ring R with 1 is Noetherian
then R[X1, · · · , Xn] is Noetherian.

Proof: By induction on n in Theorem 7.5[p.81] from [AM94].

3 Zariski Topology on A�ne Space

De�nition 3.1: :- A subset of kn is called an Algebraic Set if it is of the form Z(S)
where S ⊆ k[X1, .., Xn].

Lemma 3.1: : kn = Z(0)

Proof: The 0 polynomial will remain zero for any value of kn. Hence, Z(0) = kn.

Lemma 3.2: ∅ = Z(k[X1, ..., Xn])

Proof: The polynomial ring k[X1, ...Xn] contains constant polynomials. Hence, Z(k[X1, ..., Xn])
is empty.
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Lemma 3.3:
m⋃
k=1

Z(Sk) = Z

(
m∏
k=1

Sk

)

Proof: We have
m∏
k=1

(Sk) = {f1 · · · fm | fi ∈ Si}

Let (t1, ..., tn) ∈
m⋃
k=1

Z(Sk) then (t1, ..., tn) ∈ Z(Si) for atleast one i.

It implies (t1, .., tn) ∈ Z(S1 · · · Sm). Since the product will vanish even if one polynomial
of product vanishes. Hence,

m⋃
k=1

Z(Sk) ⊆ Z

(
m∏
k=1

(Sk)

)
Conversely, let (t1, ..., tn) ∈ Z(S1 · · · Sm). Suppose (t1, ..., tn) /∈ Z(Si) for every i then ∀i
∃ gi ∈ Si such that gi(t1, ..., tn) ̸= 0 and we have g1 · · · gm ∈ S1 · · · Sm but
(g1 · · · gm)((t1, ..., tn)) ̸= 0 which is a contradiction to our assumption. So, we have

Z

(
m∏
k=1

(Sk)

)
⊆

m⋃
k=1

Z(Sk)

Hence the lemma
m⋃
k=1

Z(Sk) = Z

(
m∏
k=1

Sk

)
.

Lemma 3.4:
⋂
m

Z(Sm) = Z

(⋃
m

Sm

)
.

Proof: Let (t1, ..., tn) ∈
⋂
m

Z(Sm) implies (t1, ..., tn) ∈ Z(Sm) for every m and so (t1, ..., tn)

is the root of every polynomial in Sm. Hence, (t1, ..., tn) ∈ Z(
⋃
m Sm) and⋂

m

Z(Sm) ⊆ Z

(⋃
m

Sm

)
Now, Let (t1, ..., tn) ∈ Z(

⋃
m Sm). It implies (t1, ..., tn) is the zero of every polynomial f

belonging to (
⋃
m

Sm) which is same as (t1, ..., tn) ∈ Z(Sm) for every m.

It implies (t1, ..., tn) ∈
⋂
m Z(Sm) and Z(

⋃
m

Sm) ⊆
⋂
m Z(Sm). Hence the lemma⋂

m Z(Sm) = Z(
⋃
m Sm).

The above four Lemma implies kn becomes a topological space if we declare or de�ne
Algebraic Sets to be the Closed sets.This topology is called the Zariski Topologly and kn

along with this topology is called A�ne n-space over k and is denoted as An
k .

Lemma 3.5: Z(S) = Z((S))

Proof: Let S ⊂ K[X1, ..., Xn] and

(S) =

{
l∑

i=1

figi | fi ∈ S and gi ∈ k[X1, ..., Xn]

}
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Let (t1, ..., tn) ∈ Z(S) then (t1, ..., tn) is zero of every polynomial of S. So (t1, ..., tn) is the

zero of
l∑

i=1

figi. It will imply that Z(S) ⊆ Z((S)).

Conversely, Suppose (t1, ..., tn) ∈ Z((S)). Then we have fi ∈ S ⊂ (S). Therefore
fi(t1, ..., tn) = 0 ∀i and (t1, ..., tn) ∈ Z(S). Hence Z((S)) ⊆ Z(S).

Until now we have worked with sets in polynomial ring in n indeterminates. But the
limitation with sets is we can't do algebra with them. Subrings contain 1 so subrings
are also not an option. Another sets of object with which we can do Algebra are Ideals
without units.
Problem with Ideals or Ideals generated by set will contain in�nitely many polynomials.
So �nding the zero locus may prove to be di�cult task.This problem is addressed by
theorem 2.8. By de�nition a Commutative ring with unity Noetherian if every ideal is
�nitely generated.
In our case, we are considering polynomial rings over algebraically closed �eld. So
k[X1, ..., Xn] is Noetherian.
If Z(S) ̸= ∅, then even if S is an in�nite subset, (S) = (f1, f2, ...fn) for some fi ∈ S by
theorem 2.8. Therefore Z(S) = Z((S)) = Z(f1, ..., fn). By previous Lemma 3.5 we have
the following dictionary:

Geometric side Commutative Algebraic side

Ank ↔ k[X1, ..., Xn]
∪ ∪
F

Z()←−− (S) ⊃ S

T
I()−−→ S

De�nition 3.2: T ⊂ An
k and I(T ) is ideal corresponding to T

We de�ne, I(T ) = {f ∈ k[X1, ..., Xn] | f(t) = 0 ∀t ∈ T}

I(∅) = k[X1, ..., Xn]. It is vacuous truth.

Lemma 3.6: If S1 ⊂ S2 then Z(S1) ⊃ Z(S2).

Proof: Proof follows from the de�nition 1.2.

Lemma 3.7: If T1 ⊂ T2 then I(T1) ⊃ I(T2)

Proof: Proof follows from the de�nition 3.2.

Lemma 3.8: Z(I(T )) = T .

Proof: Let,(t1, ..., tn) ∈ T . Then for any f ∈ I(T ), f(t1, ..., tn) = 0.
(t1, ..., tn) is the common zero ∀ f ∈ I(T ).
It implies (t1, ..., tn) ∈ Z(I(T )) and T ⊂ Z(I(T )).
If T ⊂ F and F is closed it will follow that F = Z(S) for some ideal S and
I(T ) ⊃ I(Z(S)) ⊃ S.
So, I(T ) ⊃ S implies Z(I(T )) ⊂ Z(S) = F . Therefore for any closed set F we've that
T ⊂ Z(I(T )) ⊂ F . So Z(I(T )) is the smallest closed set containing T and Z(I(T )) = T .
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Lemma 3.9: I(Z(S)) =
√
S

Proof: Here S is the ideal of k[X1, ..., Xn]. If f ∈
√
S then

fm ∈ S for some m. Hence, fm vanishes on Z(S) or we can say f vanishes on Z(S).

Therefore,
√
S ⊂ I(Z(S)).

Conversely, if f ∈ I(Z(S)) i.e. f vanishes on Z(S)) then fm ∈ S for some positive m,
because of Hilbert's Nullstellenzats which states that if k is algebraically closed �eld and
S ⊂ k[X1, ..., Xn] is a proper ideal then I(Z(S)) ⊂

√
S and I(Z(S)) =

√
S.

Lemma 3.10: Z(I(Z(S))) = Z(S).

Proof: S is ideal. Z(S) ⊆ Z(I(Z(S))) and S ⊆
√
S ⊆ I(Z(S)) and Z(S) ⊇ Z(I(Z(S)).

By lemma 3.9 and lemma 3.10 we have for ideal S,
Z(I(Z(S))) = Z(S) and it implies Z(

√
S) = Z(S).

In general, for S ⊆
√
S we have Z(S) = Z(

√
S) and

√
S =

√√
S i.e.

√
S is radical ideal.

So to get bijective correspondence we consider radical ideals:-

Geometric side Commutative Algebraic side

closed subsets of Ank ↔ radical ideals of k[X1, ..., Xn]

Remark: Z(S1) = Z(S2) if and only if
√
S1 =

√
S2 for ideals S1 and S2.

Proof: Suppose,
√
S1 =

√
S2 implies Z(

√
S1) = Z(

√
S2). It implies Z(S1) = Z(S2) from

above lemma 3.10
Conversely,Z(S1) = Z(S2) implies I(Z(S1)) = I(Z(S2)). Therefore by lemma 3.9 we have√
S1 =

√
S2.

De�nition 3.3 (Irreducibility): A subset Y of a topological space is called irreducible
if we cannot write Y = Y1 ∪ Y2 where Y1, Y2 are proper closed non-empty subset of Y .

Note: Irreducibility implies Connectedness.
Converse is not true.

Example 3.1: [0, 1] in R with usual topology is connected but
[0, 1] = [0, 0.8] ∪ [0.2, 1]

Proposition 3.1: If Y is irreducible then Y is irreducible.

Proof: If Y = Y1 ∪ Y2 where Y1 and Y2 are closed in Y then
Y = Y ∩ Y = (Y1 ∩ Y ) ∪ (Y2 ∩ Y ).

Proposition 3.2: If Y is irreducible then every open subset of Y is irreducible and dense
in Y .

Proof: We've Y is irreducible and let X be open subset of Y which is not dense then
X ̸= Y and Y = Xc ∪X and it is a contradiction since Y is irreducible. We now prove
X is irreducible. If X = U ∪W , where U and W are closed set in X. Then we show that
X = U or X = W . Since X is open subset of Y and hence dense we've Y = X = U ∪W .
It implies Y = U or Y = W . Without loss of generality assume Y = U and U in X is
U∩X. Also, U closure in X is U since U is closed in X. Hence, U = U∩X = Y ∩X = X.
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Proposition 3.3: Any two open subsets of irreducible space Y intersect.

Proof: Let X1 and X2 be two open subset with X1 ∩X2=∅ Then Xc
1 ∪Xc

2 = Y which
is a contradiction.
This is non-Hausdor� characterization of irreducible space.

De�nition 3.4 (A�ne Variety and quasi A�ne variety): An irreducible closed sub-
set of An

k is called an A�ne Variety and open subset of an A�ne variety is called quasi
A�ne variety.

Geometric side Commutative Algebraic side

closed subsets of Ank ↔ radical ideals of k[X1, ..., Xn]
Irreducible closed subsets ↔ Prime ideals

Points of Ank ↔ Maximal ideals

Now, We prove that irreducible closed subsets corresponds to prime ideal

Theorem 3.1: If I ⊂ k[X1, ..., Xn] is an ideal then Z(I) ⊂ An
k is irreducible if and only

if
√
I is prime.

Proof: Suppose,
√
I is prime.

To show Z(I) is irreducible. We know Z(I) = Z(
√
I). Suppose Z(I) = Y1 ∪ Y2 where

Y1, Y2 are closed subset of Z(I) with Y1 proper subset of Z(I). Then we've Y1, Y2 are
closed in An

k .
Hence, Y1 = Z(I1) and Y2 = Z(I2) where I1 and I2 are ideals in k[X1, ..., Xn].

Now, Z(
√
I) = Z(I) = Y1∪Y2 = Z(I1)∪Z(I2) = Z(I1I2). Hence, I (Z(

√
I)) = I (Z(I1I2)).

It implies
√√

I =
√
I1I2 and thus

√
I =
√
I1I2 ⊃ I1I2.

It implies I1 ⊂
√
I or I2 ⊂

√
I. Taking Z() throughout to get Z(

√
I) ⊂ Z(I1) = Y1 or

Z(
√
I) ⊂ Z(I2) = Y2. But Y1 is proper subset of Z(I1). Therefore, Z(I) ⊂ Y2 and Z(I)

is irreducible.
Conversely, assume Z(I) is irreducible.

To show
√
I is prime.

So let fg ∈
√
I then (fg) ⊂

√
I. Taking Z() throughout to get Z(fg) ⊃ Z(

√
I). Using

Lemma 3.3 we get Z(f) ∪ Z(g) ⊃ Z(
√
I). Hence, we have

Z(
√
I) =

(
Z(f) ∩ Z(

√
I)
)
∪
(
Z(g) ∩ Z(

√
I)
)

or
Z(I) =

(
Z (f) ∩ Z

(√
I
)︸ ︷︷ ︸

Y1

)
∪
(
Z (g) ∩ Z

(√
I
)︸ ︷︷ ︸

Y2

)
Since Z(I) = Z(

√
I) is irreducible and Y1, Y2 are closed sets, Assume WLOG Y1 = ∅

then Z(
√
I) = Z(g) ∩ Z(

√
I). It implies Z(

√
I) ⊂ Z(g). Taking I() throughout to get

I(Z(
√
I)) ⊃ I(Z(g))=I(Z((g))). Hence,

√√
I =
√
I ⊃

√
(g) and we have g ∈

√
I.

Assume both Y1 and Y2 are non-empty. Suppose Y1 is proper subset of Z(
√
I) then

Y2 = Z(
√
I) and g ∈

√
I. Similarly Y2 is proper subset of Z(

√
I) implies f ∈

√
I.
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Theorem 3.2 (Hilbert's Nullstellenzats weak form): Let k be an algebraically closed
�eld. Then the maximal ideals of k[X1, ..., Xn] are exactly of the form (X1−a1, ..., Xn−an),
for ai ∈ k.

So every polynomial corresponds to a point in An
k

Z((X1 − a1, ..., Xn − an)) = Z(X1 − a1) ∩ ... ∩ Z(Xn − an)
= (a1, ..., an)

I((a1, ..., an)) and contains (X1 − a1, ..., Xn − an) which is maximal ideal. So
I((a1, ..., an)) = (X1 − a1, ..., Xn − an).
Example 3.2 (Zariski Topology on A1

k): A
1
k is k along with Zariski Topologly.

Irreducible closed subset of A1
k are of the form Z(p) where

p ⊂ k[X1] is prime ideal. Since k is �eld k[X1] is P.I.D and in P.I.D every prime ideal is
(0) or maximal ideal. So Z(p) corresponds to A1

k or Z(p) is a point a1 ∈ A1
k.

Let I ⪇◁ k[X1], I = (f) for f ∈ I. Since k is algebraically closed
f = (X1 − a1)(X1 − a2) · · · (X1 − am) and
Z (I) = Z ((f)) = Z (f) = Z

(
(X1 − a1) (X1 − a2) · · · (X1 − am)

)
= Z (X1 − a1) ∪ Z (X1 − a2) · · · ∪ Z (X1 − am)
= {a1, a2, ..., am}

Example 3.3 (An
k is an a�ne variety): An

k = Z({0}). Hence, it is closed and irre-
ducible because (0) is prime, and we have An

k is an a�ne variety.

3.1 Noetherian Decomposition

De�nition 3.5: A topological space X is called Noetherian if it satis�es Descending
Chain Condition for closed sets.
Given a sequence of closed subsets Z1 ⊋ Z2 ⊋ · · · ∃ m ≥ 1 Zn = Zn+1 = for all n ≥ m.

Theorem 3.3: Any A�ne Variety is a Noetherian Topological space.

Proof: Let Z be A�ne variety. Assume there is in�nite chain of Z1 ⊋ Z2 ⊋ Z3 ⊋ · · ·
of subvarities of Z. Then I(Z1) ⊊ I(Z2) ⊊ I(Z3) ⊊ · · · is in�nite chain of ideals in

k[X1, ...Xn]. Let I=
∞⋃
i=1

I(Zi). Then I is an ideal in k[X1, ...Xn] because it is ascending

chain of ideals. Because of theorem 2.8 k[X1, ..., Xn] is Noetherian and I is �nitely gen-
erated. Let I= (f1, ..., fm) where f1, f2, ..., fm ∈ I. Then f1, ...fm are contained in I(Zm)
for some m because of ascending chain of ideals.So I=(f1, ...fm) ⊂ I(Zm) ⊊ I and we get
a contradiction.

So as a result An
k is Noetherian.

Lemma 3.11: If Z ⊂ Z1 ∪Z2 ∪ ... ∪Zs where Z ′
is are closed and Z is irreducible. Then

Z ⊂ Zi for some i.

Proof: Z = Z ∩ (Z1 ∪ Z2 ∪ ... ∪ Zs)
Z = (Z ∩ Z1) ∪ (Z ∩ Z2) ∪ · · · ∪ (Z ∩ Zm)
Each Z ∩ Zi is closed in Z. Assume Z ∩ Zi ̸= ∅ ∀i
Z = (Z ∩ Z1)︸ ︷︷ ︸

closed

∪
(
(Z ∩ Z2) ∪ · · · ∪ (Z ∩ Zm)

)︸ ︷︷ ︸
closed

And since Z is

irreducible we must have Z = Z ∩ Zi for some i i.e. Z ⊂ Zi.

12



Theorem 3.4 (Noetherian Decomposition): If X is Noetherian Topological space
then any non-empty closed subset of Y of X can be written as Y = Y1 ∪ Y2 ∪ · · · ∪ Ys
with Yi irreducible, closed and non-empty. This decomposition is unique is unique (upto
permutation of Y ′

i s) if no Yi is a subset of Yj for i ̸= j.

Proof: If possible, let S be collection of non-empty closed subsets of X,that cannot be
written as a �nite union of irreducible closed subsets and S ̸= ∅ because X is Noetherian
so S has minimal element say Y0 and hence Y0 is not irreducible.
Therefore, Y0 = Y01 ∪ Y02 where Y01 and Y02 are proper non-empty closed subsets of Y0.
Since, Y01, Y02 ⊊ Y0 it implies Y01, Y02 /∈ S because of minimality of Y0. So Y01, Y02 can
be written as a union of �nitely many non-empty irreducible closed subset and hence Y0
and that is a contradiction.
Thus S = ∅. So any non-empty closed subset can be written as Y = Y1 ∪ Y2 ∪ · · · ∪ Ys
with Yi irreducible, closed and non-empty.
To show uniqueness:

Let Y = Y1 ∪ · · · ∪ Ys = Y
′
1 ∪ · · · ∪ Y

′

s′ with every Yi, Y
′
j irreducible closed and non-empty

and Yi ⊈ Ym for i ̸= m and Y
′
p ⊈ Y

′
n for n ̸= p where 1 ≤ i,m ≤ s and 1 ≤ n, p ≤ s′.

This be such that one of Yi's say Y1 does not equal to any of the Y
′
j . Now, since

Y1 ⊂
s⋃
i=1

Yi =
s′⋃
j=1

Y
′
j . Then by lemma 3.11, Y1 ⊂ Y

′
j for some j. Similarly, Y

′
j ⊂

s⋃
i=1

Yi we

have Y
′
j ⊂ Yl for some l. Then Y1 ⊂ Y

′
j ⊂ Yl and l = 1 , i.e., Y1 = Yl implies Y1 = Y

′
j

which is a contradiction.

3.2 A�ne Coordinate Ring

Futher we explore A�ne Coordinate ring.

Geometric side Commutative Algebraic side

Ank
A()−−→ A(Ank) = k[X1, ..., Xn]

dimAnk=n = dimk[X1, ..., Xn]=n

Let X be A�ne variety,

X = Z(p) p is prime
A()−−→ A(X) = A(Z(p)) = A(Ank)/p =A(Ank)/I(X)

Veri�cation:
A(X) = {f : X −→ k which are given by polynomials }
A(X) is a ring because sum of two functions is given sum of two polynomials which is
again a polynomial. Similarly product of two functions is given by product of two poly-
nomials which is again a polynomial.

Map 1:

ϕ : k[X1, ..., Xn] −→ A(An
k) de�ned as f 7−→ ev(f) : A(An

k)→ k or ϕ(f) = ev(f)
kerϕ = {f ∈ k[X1, ..., Xn] | ev(f) = 0}.
f = 0 because function that takes value as 0 at in�nite number of points is a zero func-
tion. So kerϕ = {0} and ϕ is injective. Also, ϕ is k-algebra ring homomorphism and
surjective by de�nition. Therefore k[X1, ..., Xn] ∼= A(An

k).
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Map 2:

ϕ : k[X1, ..., Xn] −→ A(X) = {function X −→ k} de�ned as ϕ(f) = ev(f)|X
Then ϕ is k-algebra ring homomorphism and it is surjective.
kerϕ = {f | evf |X = 0}
i.e. f takes value zero at all points of X.
So, kerϕ =I(X) and k[X1, ..., Xn]/I(X) ∼= A(X).

De�nition 3.6: For Noetherian topological space,X, we de�ne

dim(X) = sup{n | ∃ Z0 ⊊ Z1 ⊊ · · · ⊊ Zn}

wher each Zi is irreducible closed subset.

Z0 is non-empty because of irreducibility. If Y is subvariety in X.
Then codim(Y ) = dim(X)−dim(Y )

De�nition 3.7: X is called hypersurface if dimX = n− 1 or codim(X) = 1

Let X be A�ne variety of dimension r then ∃ a chain of irreducible closed subsets
Z0 ⊊ Z1 ⊊ Z2 ⊊ · · · ⊊ Zr where Z0 corresponds to a point and Zr = X because if
not we could get a bigger chain, contradicting the dimension of X.
It implies I(X) = I(Zr) ⊊ I(Zr−1) ⊊ · · · ⊊I(Z0) where I(Z0) is maximal ideal. So we have

htI(X)︷ ︸︸ ︷
(0) ⊊ p1 ⊊ · · · ⊊ I(X)=I(Zr) ⊊ I(Zr−1) ⊊ · · · ⊊ I(Z0)︸ ︷︷ ︸

dimX=dimA(X)

Thus this is the longest chain of prime ideals in k[X1, ..., Xn].
Therefore ht(I(X))+dim(X) = dimkrullk[X1, ..., Xn] = n

Geometric side Commutative Algebraic side

X is hypersurface if dimX = 1 ←→ I(X) = (f) for
f ∈ k[X1, ..., Xn] and irreducible.

Proof: Suppose X is geometric hypersurface. I(X) is prime because X is A�ne variety.
From above ht(I(X))+dimX = n and dimX = n − 1 so it implies ht(I(X)) = 1. Since,
k[X1, ..., Xn] is UFD and I(X) is prime ideal of height 1, I(X) = (f) and f is nonconstant
and irreducible.
Conversely, let I(X) = (f) where f ∈ I(X) and f is irreducible and nonconstant.
dim(X) = n − ht(I(X)). Since k[X1, ..., Xn] is UFD and f is irreducible it implies (f) is
prime ideal. So, minimal prime ideal over (f) is (f).
By theorem 2.5 theorem and the fact that (0) is prime ideal, ht(f) = 1 i.e. ht(I(X)) = 1
and dim(X) = n− 1. And we have that X is geometric hypersurface.

Suppose f ∈ k[X1, ..., Xn] is non constant and f = fn1
1 fn2

2 · · · fnm
m be its unique factoriza-

tion with each fi is irreducible. Z(f) = Z(f1)∪Z(f2)∪· · ·∪Z(fm) since fi are irreducible
and k[X1, ..., Xn] is UFD implies (fi) is prime ideal. Hence,Z(fi) is irreducible and closed.
Z(f) = Z(f1) ∪ Z(f2) ∪ · · · ∪ Z(fm) is Noetherian decomposition of f . Now, each Z(fi)
de�nes a hypersurface and Z(f) is union of hypersurfaces.

Example 3.4: Quadratic cone give by Z(X2 + Y 2 − Z2) ⊂ A3
k.
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3.3 Open sets in Zariski Topology

Let U be an open set in An
k . Further assume U ̸= ∅ and U ̸= An

k . Recall U is irreducible
and dense. So let An

k \ U = Z(I) for some I ⊂ k[X1, ..., Xn]. Let I = (f1, ..., fn) then

Z(I) =
n⋂
i=1

Z(fi). Hence U = An
k \ Z(I) =

m⋃
i=1

An
k \ Z(fi). A set of the form An

k \ Z(g) is

called a basic open set and is denoted by D(g).
Now we have D(g), a basic open set, is an a�ne variety in An+1

k and A2
k \ 0 is not an

a�ne variety. So the question is given an object in a�ne space how do we identify if
its an a�ne variety. To answer it we give the equivalence of categories. We prove the
equivalence in the subsequent section developing necessary theory along the way.

De�nition 3.8: A topological space is called quasi-compact if given any open cover, we
�nd a �nite subcover.

Proposition 3.4: The Zariski Topology is quasi-compact.

The proof follows from next two Lemmas.

Lemma 3.12: Any Noetherian topological space is quasi-compact.

Proof: Let {Ui | i ∈ λ} be open cover for topological space X.

Let S = {
m⋃
i=1

Ui | i ∈ λ, i ≥ 1}. S ̸= ∅ since X is non-empty topological space and X has

atleast one open subset. Since X is Noetherian S has maximal element say U2∪· · ·∪Un.
Take U1. Then U2∪ · · · ∪Un∪U1 ⊇ U2∪ · · · ∪Un. This gives U1 ⊆ U2∪ · · · ∪Un for i ∈ λ.
So X =

⋃
i

Ui ⊆ U2 ∪ · · · ∪ Un ⊂ X. Therefore X = U2 ∪ · · · ∪ Un.

Lemma 3.13: If X is Noetherian topological space and Y ⊂ X then Y is Noetherian
topological space for the induced topology.

Proof: Let T1 ⊇ T2 ⊇ · · · be descending chain of closed sets in Y. Then taking closure
in X gives T1 ⊇ T2 · · · . Since X is Noetherian we have Ti = T i+1 for i ≥ io
Ti+1 = T i+1 ∩ Y = T i ∩ Y = Ti for i ≥ io.

The above two lemmas prove that any subset of A�ne space is quasi-compact.

4 Equivalence of Categories between Category of a�ne variety

and the opposite category of �nitely generated integral domain

over k

4.1 Categories and Functor

De�nition 4.1 (Cateorgy): A category C can be described as a class of Ob, whose
members are the objects of C, and a class of morphisms satisfying the following three
conditions:
Morphism :For every pair X, Y of objects, there is a Hom(X, Y ) called the morphisms
from X to Y in C. If f is a morphism from X to Y , then we denote f : X −→ Y .
Identity : For every object X, there exists a morphism idX inHom(X,X) called identity
on X.
Composition : For every triple X, Y, Z of objects, there exists a partial binary operation
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from Hom(X, Y ) × Hom(Y, Z) to Hom(X,Z), called the composition of morphisms
in C. If f : X −→ Y and g : Y −→ Z then the composition of f and g is denoted
g ◦ f : X −→ Z.
Further Identity, composition and morphisms satify the two axioms:
Associativity : If f : X −→ Y , g : Y −→ Z and h : Z −→ W , then h◦(g◦f) = (h◦g)◦f .
Identity : If f : X −→ Y then (idY ◦ f) = f and (f◦ idX) = f .

Example 4.1: Consider the category V eck of vector spaces over the given �eld k. Here
the objects are k-vector spaces and the morphisms are linear trabsformations.

Example 4.2: Category of abelian groups Ab, consists of abelian groups as objects and
group homomorphisms as the morphisms.

De�nition 4.2 (Contravariant Functor): A contravariant functor F from a category
A to a category B, denoted F : A −→ B is the following data. It is a map of objects
F : obj(A) −→ obj(B), and for each A1, A2 ∈ A, and for morphism m : A1 −→ A2, a
morphism F (m) : F (A2) −→ F (A1) in B. We further require that F preserves identity
morphism. i.e. for A ∈ A, F (idA) = idF (A), and that F preserves composition. i.e.
F (m2 ◦m1) = F (m1) ◦ F (m2).

Example 4.3: V eck is the category of k vector spaces, then dual gives contravariant
functor (.)∗ : V eck −→ V eck. For each linear transformation between vector spaces,
f : V −→ W we have dual transformation f ∗ : W ∗ −→ V ∗ and (f ◦ g)∗ = g∗ ◦ f ∗.

Example 4.4: There is a contravariant functor Top −→ Rings taking a topological
space X to the ring of real-valued continuous functions on X. A morphism of topologiacal
spaces X −→ Y , induces the pullback map from functions on Y to functions on X.

De�nition 4.3 (Equivalence of Categories): Given two categories A and B, equiva-
lence of categories consists of functors F : A −→ B and F ′ : B −→ A such that F ◦ F ′ is
natuarlly isomorphic to the identity functor idB on B and F ′ ◦ F is naturally isomorphic
to idA.

In 4.3 we will use alternative characterization of equivalence of categories:
A functor F : A −→ B yields equivalence of categories if and only if it is simultaneously:
a) Full , i.e., for any two objects A1, A2 ∈ A, the map

HomA(A1, A2) −→ HomB(F (A1), F (A2))

induced by F is surjective.
b) Faithful , i.e., for any two objects A1, A2 ∈ A, the map

HomA(A1, A2) −→ HomB(F (A1), F (A2))

induced by F is injective.
c) Essentially surjective(dense) , i.e., each object B1 ∈ B is isomorphic to an object of
the form F (A1), for A1 ∈ A.

Remark: If functor is contravariant then for a) and b) morphisms are reversed in target
category.

Remark: Even though in 4.3 we use above criteria, the inverse functor of functor A() is
MaxSpec.

Remark: For 4.3 we get essential surjectivity from 3.2
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4.2 Regular functions

De�nition 4.4: Let f be a function de�ned in an open neighborhood of a point x in an
a�ne variety or quasi a�ne variety then f is regular at x if there exists polynomial g and
h with h ̸= 0 in an open neighborhood of x and f = g

h
in that open neighborhood of x

and f is regular function if it regular at each point of space.

Let U ⊂ An
k be a�ne variety or quasi a�ne variety then

O(U) = {f | f is regular on U}. f ∈ O(U) implies f : U −→ k is a map that is regular
at each x ∈ U . So for every x ∈ U there exists polynomial gx,hx ∈ k[X1, · · · , Xn] such
that x ∈ D(hx) and f = gx

hx
on an open neighborhood of x contained in D(hx).

Lemma 4.1: Any regular function is continuous.

Proof: Let f ∈ O(U) and f = g
h
for some polynomials g and h. It is enough to prove

f−1 of closed set is closed. A closed set of A1
k is �nite set of points since degree of any

polynomial is taken to be �nite. Also f−1(
⋃
i

Ai) =
⋃
i

(Ai) so it is enough to show that

f−1(a) = {p ∈ Y | f(p) = a} is closed for any a ∈ k. A subset Z of Y is closed if and
only if Y can be covered by open subsets U such that Z ∩ U is closed in U for every U .
Let U be the open set on which f can be represented as f = g

h
with g, h ∈ A(An

k) and h
is nowhere 0 on U . Then,

f−1 ∩ U =

{
p ∈ U | g(p)

h(p)
= 0

}
= {p ∈ U | p ∈ Z(g − ah)} = U ∩ Z(g − ah)

So f−1(a) is closed in Y and the result follows.

Lemma 4.2: If two regular functions are equal on non-empty open subset of irreducible
topological space Y then they are equal everywhere.

Proof: Any non-empty open subset is dense. Let f, g ∈ O(A) and f = g on some U ⊆ Y .
Then on U , f − g = 0 implies U ⊂ Z(f − g) and U is dense so Z(f − g) = Y and the
result follows that f = g.

Theorem 4.1: O(An
k) ≃ A(An

k)

Proof: De�ne the map as follows

φ : A(An
k) −→ O(An

k)

g 7−→ (g : An
k −→ k)

Every polynomial is regular function and φ is k-algebra homomorphism. Since k is alge-
braically closed �eld kerφ = {0}. So φ is injective.
Let f : An

k −→ k be a mapping. An
k is open set so there exists �nitely many points

x1, x2, · · · , xn such that An
k =

m⋃
i=1

D(hxi) where hxi ∈ k[X1, · · · , Xn] and f =
gxi
hxi

. So we

have,

∅ =

(
m⋃
i=1

D(hxi)

)c

=
m⋂
i=1

Z(hxi) = Z(hxi , · · · , hxm)

It implies (hxi , · · · , hxm) = 1. Then there exists t1, · · · , tm ∈ k[X1, · · · , Xn] such that
m∑
i=1

tihxi = 1. Therefore,
m∑
i=1

(tihxi)f = f and
m∑
i=1

tigxi = f.
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4.3 Morphisms of a�ne and quasi a�ne varieties

In this section by varieties we mean a�ne or quasi a�ne varieties.

De�nition 4.5: Let X and Y be varieties. A morphism φ from X to Y is continuous
map. Further, φ : X −→ Y is such that for all open subsets V ⊂ Y , the pullback of
maps via φ takes regular function on V , namely O(V ) to regular functions on U , namely
O(U) where U = φ−1(V ) is open.

Theorem 4.2: Morvar(X,A1
k) = O(X)

Proof: Let φ : X −→ A1
k be a morphism. So for any open set V ⊂ Ak

1 we have
φ∗ : O(V ) −→ O(φ−1(V )). Put V = A1

k. Due to theorem 4.1 we have
O(A1

k) = A(A1
k) = k[T ] and φ ∈ O(X).

φ∗ : O(A1
k) −→ O(X)

idA1
k
7−→ φ∗(idA1

k
) = idA1

k
◦ φ = φ

Conversely, let f ∈ O(X).Then by de�nition 4.5 f is continuous. We check ∀ open subsets
V ⊂ A1

k and every ψ ∈ O(V ), f ∗(ψ) = ψ ◦ f ∈ O(f−1(V )). Also, O(V ) = k[T ]g for some
g ∈ k[T ]. Since non-empty open subset of A1

k is basic a�ne open. We have, V = D(g)
for g ∈ k[T ]. Now, consider the following diagram:

X A1
k

f−1(V ) V = D(g)

k

f

open

f∗( h
gm

)

f

open

h
gm

claim: f ∗( h
gm

) = h◦f
(g◦f)m is regular function.

g ◦ f does not vanish on f−1(V ) because if g ◦ f vanishes on f−1(V ) then (g ◦ f)(x) = 0
for x ∈ f−1(V ) implies g(f(x)) = 0 but f(x) ∈ D(g) where g does not vanish. So it is
enough to show that h◦f and g ◦f are regular function on f−1(V ). f is regular so locally

f = P
Q
where P,Q ∈ k[X1, · · · , Xn] with X ↪→ An

k and if h = h(t) =
m∑
i=1

ait
i then h ◦ f is

locally h(P
Q
) =

m∑
i=1

aiP
i

Q
. So h ◦ f is regular on f−1(V ) and f ∈ Morvar(X,A1

k).

Lemma 4.3: Let U be an open subset of an a�ne variety X and let φ ∈ O(U). Then
Z(φ) = {x ∈ U | φ(x) = 0} is closed in U .

Proof: By de�nition 4.4 any point x ∈ U has an open neighborhood Ux in U on which
φ = gx

fx
for some fx, gx ∈ A(X) and Ux = D(fx). So the set,

Ux\Z(φ) = Ux\Z(gx) = {y ∈ Ux | φ(y) ̸= 0}
= {y ∈ Ux | gx(y) ̸= 0}
= {y ∈ Ux | y ∈ D(gx)}
= Ux ∩D(gx) which is open in X

So,
⋃
x∈U

Ux∩D(gx) is open in X. Thus
⋃
x∈U

Ux\Z(φ) = U\Z(φ) is open in X. This implies

Z(φ) is closed in U since U\Z(φ) ⊂ U.
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Theorem 4.3: Let X be an a�ne variety and let Y be any variety. Then there is natural
bijection of sets.

Morvar(Y,X)←→ Homk−algebra(A(X),O(Y ))

Proof: De�ne α as

α : Morvar(Y,X)←→ Homk−algebra(A(X),O(Y ))

φ 7−→ φ∗

Also, φ∗ is k−algebra homomorphism since addition, multiplication are de�ned pointwise.
We show bijection by proving that α is injective and surjective.
Suppose α(φ1) = α(φ2) then we need to show that φ1 = φ2. Let An

k be a�ne space with
coordinates T1, · · · , Tn and φ1, φ2 ∈ Morvar(Y,X).
For y ∈ Y let φ1(y) = (λ1, · · · , λn) and φ2(y) = (µ1, · · · , µn). Further, by our suppostion
we have

φ∗
1 = φ∗

2 : A(X) = O(X) −→ O(Y )

Ti|X = Ti 7−→ φ∗
1(Ti) = φ∗

2(Ti) ∀i

i.e., Ti ◦ φ1 = Ti ◦ φ2 ∀i implies λi = µi ∀i. Hence φ1(y) = φ2(y).
Conversely, let ζ ∈ Homk−algebra(A(X),O(Y )) so

ζ : A(X) −→ O(Y ), Ti 7−→ fi

De�ne,
ψ : Y −→ An

k , y 7→ (f1(y), · · · , fn(y))

Claim: ψ maps into X.
Let g ∈ I(X) ⊂ k[T1, · · · , Tn]. Then ḡ = 0 in A(X) = k[T1, · · · , Tn]/I(X).
We have,

ζ : A(X) −→ O(Y )

is k − algebra ring homomorphism and hence ζ(ḡ) = 0.
i.e., ζ(g(T1, · · · , Tn)) = 0 implies g(f1, · · · , fn) = 0. g(f1, · · · , fn) is polynomial,
fi ∈ O(Y ) and g(f1, · · · , fn) = 0. Hence g(f1, · · · , fn) is zero function. It implies
g(f1(y), · · · , fn(y)) = 0 ∀y ∈ Y . Hence g(ψ(y)) = 0 for arbitrary g ∈ I(X) and
ψ(y) ∈ Z(I(X)).
To show: ψ is morphism.
That is we show ψ is continuous and pullback regular function to regular function. We
have,

ψ : Y −→ X

is set theoretic map and

α(ψ) = ψ∗ : A(X) −→Map(Y, k)

h 7−→ ψ∗ = h ◦ ψ

So, (ψ∗(h))(y) = (h ◦ ψ)(y) = h(ψ(y)) = h(f1(y), · · · , fn(y)). And for y ∈ Y ,
h(f1(y), · · · , fn(y)) = ζ(h(T1, · · · , Tn))(y) so it implies ψ∗ = ζ. Further we have
ζ : A(X) −→ O(Y ). Therefore ψ pullsback regular function to regular function. Let
Z(J) ⊆ X then,
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ϕ−1(Z(J)) = ψ−1

(⋂
h∈J

h−1(0)

)
=
⋂
h∈J

ψ−1(h−1(0))

=
⋂
h∈J

Z(h ◦ ψ)

Y X

k

ψ

ψ∗(h)
h

which is closed in Y by lemma 4.3. Hence, f is continuous and α is surjective.

Lemma 4.4: If Y X1 X2
φ ψ

is a sequence of morphism of

varieties with X1 and X2 a�ne, then k−algebra homomorphism A(X) :−→ O(Y ) given
by (ψ ◦ φ)∗ is same as composition φ∗ ◦ ψ∗.

Proof: If Y X1 X2
φ ψ

then Y X2 k
ψ◦φ h

To show that (ψ ◦ φ)∗ = φ∗ ◦ ψ∗. We have,

Y X1 X2

k

φ

φ∗(ψ∗(h))

ψ

ψ∗(h)
h

(ψ ◦ φ)∗(h) = h ◦ (ψ ◦ φ) = (h ◦ ψ) ◦ φ and
(φ∗ ◦ ψ∗)(h) = φ∗ ◦ (ψ∗(h)) = φ∗(h ◦ ψ) = (h ◦ ψ) ◦ φ

Proposition 4.1: Two A�ne Varieties X1 and X2 are isomorphic if and only if A(X1)
and A(X2) are isomorphic as k − algebras.

Proof: From theorem 4.3

α : Morvar(X1, X2)
∼−−→ Homk−algebra(A(X2), A(X1))

φ 7−→ α(φ) = φ∗

If X1 and X2 are isomorphic and φ ∈ Morvar(X1, X2) then there exists ψ = φ−1 such
that φ ◦ ψ = idX2 then since composition is a morphism and from lemma 4.4 we have,

idX2 = φ ◦ ψ 7−→ (φ ◦ ψ)∗ = ψ∗ ◦ φ∗ = id∗

This proves φ∗ is an isomorphism. Similar argument hold for the converse part.
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