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1 Introduction

In Algebraic Geometry we study the relationship between geometric objects and algebraic
objects. So throughout we will try to construct a dictionary between algebraic and
geometric objects. Towards the end we prove the Equivalence of categories between the
Category of affine variety and the opposite category of finitely generated integral domain
over an algebraically closed field.

We first define univariate polynomial ring:

Definition 1.1: Let R be a ring. Then,
RIX]={ao+a X, +a X3+ +a,X"|a; €Rand a, # 0}

Similarly we can consider R[X1, ..., X,)] as R[X1, ..., X;i—1][X]
i.e., polynomial ring with indeterminate X, and coefficient from polynomial in ring
R[Xy, ..., Xn1].

Definition 1.2: We define zero set or zero locus of set of polynomial S in R[Xj, ..., X,]
as follows:
2(8) = {1, a) € B | far,a2) =0 ¥ f € S}

Example 1.1: An affine plane curve is the zero set of one complex polynomial in the
complex plane C2.

It can happen that Z(S) is empty.

Example 1.2: Let R = R and consider single equation in one variable f(z) = z? + 1
then zero set is empty over R.

We don’t want Z(S) to be empty. And Hilbert’s Nullstellenzats gives us the assurance
that Z(S) won’t be empty when working over an algebraically closed field.

So throughtout we will be working over algebraically closed field k. Further,
on the geometric side we don’t want vector space structure of £". We just want points
of ™ on which we can define topology and work with continuous functions.

So k™4 Zariski topology is an affine n-space which we have shown in section 3 .

2 Commutative Algebra

Definition 2.1 (Minimal Prime Ideal): A prime ideal p is said to be minimal prime
ideal over an ideal I if it is minimal among all prime ideals containing I. (If I is prime
then I is the only minimal prime over it).

Definition 2.2 (Krull dimension): Krull dimension of ring R is the supremum of the
lengths of chains of prime ideals in R. Denoted by dimR.

Now, R be a ring and I be prime ideal then codim/ (also called height of I or rank I) is
by definition Krull dimension of local ring R;.

If I is not prime then we define codim/ to be minimum of the codimensions of primes
containing /.



Lemma 2.1 (Nakayama Lemma): Let M be finitely generated R-module and I be
an ideal in Jacobson radical or J(R) such that IM = M then M = 0.

Proof: By proposition 2.6[p.21| in [AM94].

Definition 2.3 (Artin ring): A ring R is called Artinian if it satisfies Descending Chain
Condition on ideals.

Theorem 2.1: If R is Artinian integral domain then R is a field.

Proof: Let z € R be non-zero element. Consider (x) 2 (2%) D --- which stabilizes, so
there exists m € Z* such that for n > m, (z") = (2"*!). Therefore 2" = az™*! for some
a € R. Since R is integral domain we have 1 = ax and the result follows.

Corollary 2.1: In Artinian ring every prime ideal is maximal.

Proof: By theorem 2.1 and the fact that R/p is a field if and only if p is maximal ideal.

Theorem 2.2: Ring R is Artinian if and only if it is Noetherian with krull dimension
7€ero.

Proof: Theorem 8.5[p.90] in [AM94].

Definition 2.4 (Localization at prime ideal): Define multiplicative set S = R\ p
where p is prime. (1 € S and for a,b € S then ab € S). ST'R is localization denoted by
R,. R, is a local ring and is called local ring of R at p.

f: R — R, defined as f(r) = 7. Let p be prime ideal of R.
oty =" ={ = fla)ss [5€ Ry nicf = (3

finite

Lemma 2.2: pR, is maximal ideal of R,.

Proof: Suppose [ is an ideal of R, with pR, C I. Then I must contain unit because pR,
contains all non-units. Further if m C pR, and m is maximal then m = pR, and if m is
not contained in pR, then m contains units. Hence, R, is local ring.

Definition 2.5 (Symbolic Power): Let p be prime ideal in ring R and n € N. The
following ideal is called n'* symbolic power of p.

p™ =p"R,NR={a€R|abep" for some b e R\ p}
Remark: For prime ideal p we have p®) D p® D p®) ...
Lemma 2.3: p" C p(™ Cp

Proof: Let a € p" then a -1 € p". It implies a € p™ and p™ C p™.
Now let a € p™ then ab € p* (b € S) implies ab € p and we have a € p.



Lemma 2.4: p™ is p—primary.

Proof: Since p is prime, /p = p. Therefore by above lemma /p* = p C Vpm C V- It
implies \/p(™ = p.
To show p™ is primary Let ab € p™ or abx € p" for x € R\ p then to show

acp™ orb™ep™ Ifb¢ \/pm pthenbER\p We have abzx € p" with bx € R\ p.
So, a € p™. Hence, p(” is p— primary.

Lemma 2.5: p(”)Rp =p"R,.

Proof: Since p* C p™ C p it implies that p"R, C p(")Rp

To show: p™R, C p"R,,.

Let g € p™R,. Now b € p™ implies bc € p" for some ¢ € R\ p. Therefore, g = % €p'R,
and p™ R, C p"R,. Thus, p™ R, = p"R,,.

Theorem 2.3: Primes ideals of R, are in one to one correspondence with prime ideal 1
in R such that I C p.

Proof: Proposition 2.6(c) and example 6.8[p.55| in [Gat20].

Theorem 2.4: Any minimal prime ideal of R is contained in the set of zero divisors of
R.

Proof: Let p be minimal prime ideal of R. Let S = R\p. Then pR, is unique maximal
ideal as well as unique prime ideal of R,.Therefore nilradical of R, = pR, and so element
of pR,, is nilpotent.Let a # 0 and ¢ € pR, then (%)" = 0. It implies % = ¢ and hence
u(a"-1—0-b) =0 for some u # 0 € S. Therefore u-a" = 0 with u # 0. Hence a" is zero
divisor which gives us a is zero divisor of p.

Theorem 2.5: [Krull’s Principal ideal theorem| Let R be
Noetherian ring. If z € R be non-zero and non-unit and P is minimal among prime ideals
containing (), then codim(P) < 1.

Proof: Let € R and P be the minimal prime ideal containing (z). We show that if
Q) C P is prime then dimRg = 0 and thus codim(P) < 0.

From theorem 2.3 we have Codim(P) =dim(Rp). Let S = R\ P and x € P then PRp
contains 7. Suppose there is another prime ideal in Rp containing T say ¢Rp with ¢ C P
then § € qRp and it will imply = € ¢ which is contradiction since P is the minimal
prime containing (z) and is unique prime ideal of Rp. Hence we have Rp is Noetherian,
local ring with PRp minimal prime ideal over x such that codim(PRp) = codim(P).
Therefore without loss of generality assume R is local ring with maximal ideal P.

Now since P is minimal over (z). Prime ideals of R/(x) are prime ideals of R containing
(x). i.e. in this case P. So dimR/(z) = 0 and R/(x) is Noetherian and by theorem 2.2
R/(z) is Artinian.

Thus from above and remark 1 the chain

() +Q 2 (z) + Q¥ D (z) + Q¥

stabilizes so there exists n such that (z) + Q™ = (z) + Q" *+Y

Claim: Q™ = QM (z) = Q"+,

Hence Q™ C (z) + Q™) and so for f € Q™ we have

f =ax + g with g € QY it implies ax = f — g € Q™ C Q by lemma 2.3.
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By definition 2.5 azb € Q™ for b € R\ Q. Also, x ¢ @ implies that b € R\ ) and

a € QM. It implies f € QM (z) + QMY and Q™ C QM (x) + QY. By remark 1,
Q™ D QM+ implies Q™ D QM (z) + QMY and hence our claim follows. Now, quo-
tienting out both sides by Q"D we get QM /QM+Y) = (2)Q™ /Q V). Therefore by
lemma 2.1, Q™ /QM*YD = 0 and it implies Q™ = QM+, Let Ry be the localization at
prime ideal (). Then

Q“RQZ{%meQnandbeR\Q}

It follows from the claim if z € Q"Rg then x € Q"' Rg and we get Q"Rg C Q"™ Rg.
So, we have Q"Rg = Q"™ Rg, i.e., Q"Rg = QRg - Q"Rg and by lemma 2.1

Q"Rg =0 = (QRg)". Since () is prime ideal we have QR is prime ideal of R which is
Artinian ring. Therefore QR is unique maximal ideal that is nilpotent and it will imply
QR is unique prime ideal of Rg. So dim(Rg) = 0 = codim(()) and codim(P) < 1.

Theorem 2.6: Let R be Noetherian Domain. Then R is Unique Factorization Do-
main(UFD) if and only if every height(ht) one prime ideal is principal.

Proof: Suppose R is UFD and p is prime ideal such that ht(p) = 1. Then p is non-
zero prime ideal. Suppose x € p is non zero and non unit. Then since R is a UFD we
have x = a; - as---a, € p where q; are irreducibles of R. Without loss of generality, let
a; € p then (a1) C p and (ay) is prime ideal.Since R is integral domain (0) is prime ideal
and a; # 0. Therefore, ht(a;) > 1 but ht(p) = 1. Hence ht(p) = ht(a;) and p = (a1).
Conversely, suppose every prime ideal of At 1 is principal and since R is Noetherian, every
non-zero and non-unit element can be factored into irreducibles.So it is enough to show
every irreducible element of R is prime element. Let a be irreducible and p be minimal
over (a). So ht(p) =1 and (a) C p = (y) for y € p. Hence a = yx for = is a unit and
y € (a). We get (a) = (y). Therefore a is prime.

Theorem 2.7 (Hilbert’s Nullstellenzats weak form): Let k be algebraically closed
field and fi, fo, ..., fn be polynomials in k[X7, ..., X,,| then Z(f1,..., f») = @ if and only if
there exists g; € k[X7, ..., X,,] such that Y g;f; = 1.

Proof: Corollary 1.7|p.34] in [Eis95].

Theorem 2.8 (Hilbert Basis Theorem): If Commutative ring R with 1 is Noetherian
then R[X,---,X,] is Noetherian.

Proof: By induction on n in Theorem 7.5|p.81| from [AM94].

3 Zariski Topology on Affine Space

Definition 3.1: :- A subset of k" is called an Algebraic Set if it is of the form Z(9)
where S C k[ X, .., X,].

Lemma 3.1: : k" = Z(0)
Proof: The 0 polynomial will remain zero for any value of k. Hence, Z(0) = k".

Lemma 3.2: o = Z(k[Xy,..., X,)])

Proof: The polynomial ring k[ X7, ... X,,| contains constant polynomials. Hence, Z(k[X7, ...

is empty.

)



Lemma 3.3: [LJ Z(Sk) =72 (ﬁ Sk>

k=1
Proof: We have H(Sk) ={fi-fm | fi € Si}
k=1
Let (t1,...,t,) € U Z(Sk) then (ty,....t,) € Z(S;) for atleast one i.
k=1

It implies (t1,..,t,) € Z(S1 - Spn). Since the product will vanish even if one polynomial
of product vanishes. Hence,

O Z(Sy) CZ (ﬁ(S@)

Conversely, let (t1,...,t,) € Z(S1 -+ - Sp). Suppose (t1,...,t,) ¢ Z( ;) for every i then Vi
3 g; € S; such that g;(t1,...,t,) # 0 and we have g; - - - g, € S1 -+ Sy, but
(g1 gm)((t1,...,tn)) # 0 which is a contradiction to our assumption. So, we have

4 <ﬁ(8k)> c O Z(Sk)

k=1

Hence the lemma U Z(Sk) =2 <H Sk>.
k=1

k=1

Lemma 3.4: ﬂZ(Sm) =7 (U Sm> .

Proof: Let (t1,...,t,) € ﬂ Z(Sy,) implies (t1, ..., t,) € Z(Sy,) for every m and so (t1, ..., t,)

is the root of every polynormal in S,,. Hence, (t1,...,t,) € Z(UJ,, Sm) and

ﬂ Z(S,) C Z <U S )
Now, Let (t1,....t,) € Z(U,, Sm)- It implies (¢, ...
belonging to (|J S,,) which is same as (¢4, ...,t,) €
It implies (f1, . t) € (., Z(Sm) and Z(U Sm) C

The above four Lemma implies k™ becomes a topological space if we declare or define
Algebraic Sets to be the Closed sets.This topology is called the Zariski Topologly and k"
along with this topology is called Affine n-space over k and is denoted as A}.

Lemma 3.5: Z(S) = Z((9))
Proof: Let S C K[X;, ..., X,,] and

») is the zero of every polynomial f
(Spn) for every m.

, T
Z
N, Z(Sy). Hence the lemma

!
= {Z figi| fi €S and g; € k[le---vXn]}

=1



Let (t1,...,t,) € Z(S) then (ty,...,t,) is zero of every polynomial of S. So (¢4, ...,t,) is the
l
zero of Y f;g;. It will imply that Z(S) C Z((5)).
i=1

Conversely, Suppose (t1,..,t,) € Z((S)). Then we have f; € S C (S). Therefore
filt1,....ty) =0 Vi and (ty,...,t,) € Z(S). Hence Z((S)) C Z(S).

Until now we have worked with sets in polynomial ring in n indeterminates. But the
limitation with sets is we can’t do algebra with them. Subrings contain 1 so subrings
are also not an option. Another sets of object with which we can do Algebra are Ideals
without units.

Problem with Ideals or Ideals generated by set will contain infinitely many polynomials.
So finding the zero locus may prove to be difficult task.This problem is addressed by
theorem 2.8. By definition a Commutative ring with unity Noetherian if every ideal is
finitely generated.

In our case, we are considering polynomial rings over algebraically closed field. So
k[X1, ..., X,,] is Noetherian.

If Z(S) # @, then even if S is an infinite subset, (S) = (f1, fa, ... fn) for some f; € S by
theorem 2.8. Therefore Z(S) = Z((S)) = Z(f1, ..., fn). By previous Lemma 3.5 we have
the following dictionary:

Geometric side Commutative Algebraic side
A7 > kX1, ..., Xn]
U U
F pdth (5)> S
T 10, s

Definition 3.2: 7" C A} and [(7) is ideal corresponding to 7'
We define, I(T") = {f € k[Xy,...., X,,] | f(t) =0 Vt €T}

(@) = k[ Xy, ..., X,]. It is vacuous truth.
Lemma 3.6: If 51 C S5 then Z(S1) D Z(5,).

Proof: Proof follows from the definition 1.2.

Lemma 3.7: If T} C T5 then I(71) D I(13)

Proof: Proof follows from the definition 3.2.
Lemma 3.8: Z(I(T)) =T.

Proof: Let,(ty,...,t,) € T. Then for any f € [(T), f(t1,...,t,) = 0.

(t1,...,t,) is the common zero V f € I(T).

It implies (ty,...,t,) € Z(I(T)) and T C Z(I(T)).

If T'C F and F is closed it will follow that F' = Z(S) for some ideal S and

I(T) > 1(Z(S)) > S.

So, I(T") D S implies Z(I(T")) C Z(S) = F. Therefore for any closed set F' we've that
T C Z((T)) C F. So Z(I(T)) is the smallest closed set containing T and Z(I(T)) = T.



Lemma 3.9: 1(Z(S)) = /S

Proof: Here S is the ideal of k[X1, ..., X,,]. If f € /S then

f™ € S for some m. Hence, f™ vanishes on Z(S) or we can say f vanishes on Z(S5).
Therefore, VS C 1(Z(9)).

Conversely, if f € I(Z(95)) i.e. f vanishes on Z(S)) then f™ € S for some positive m,

because of Hilbert’s Nullstellenzats which states that if k is algebraically closed field and
S C k[X1, ..., X,] is a proper ideal then I1(Z(S)) C VS and I(Z(S)) = V/S.

Lemma 3.10: Z(I1(Z(S))) = Z(59).
Proof: S is ideal. Z(S) C Z(1(Z(S))) and S C /S C 1(Z(S)) and Z(S) 2 Z(I(Z(S)).

By lemma 3.9 and lemma 3.10 we have for ideal S,
Z(1(Z(S))) = Z(S) and it implies Z(v/S) = Z(S).
In general, for S C /S we have Z(S) = Z(v/S) and v/S = V/V/S i.e. V/S is radical ideal.

So to get bijective correspondence we consider radical ideals:-

Geometric side Commutative Algebraic side
closed subsets of A} <« radical ideals of k[X1,..., X,]

Remark: Z(S;) = Z(S,) if and only if /S| = /S, for ideals S; and S.
Proof: Suppose, v/S1 = /S, implies Z(1/S1) = Z(v/Ss). It implies Z(S1) = Z(S,) from

above lemma 3.10
Conversely,Z(S1) = Z(S,) implies I(Z(S1)) = I(Z(Sz)). Therefore by lemma 3.9 we have

VS = V5.

Definition 3.3 (Irreducibility): A subset Y of a topological space is called irreducible
if we cannot write Y = Y; UY; where Y7, Y5 are proper closed non-empty subset of Y.

Note: Irreducibility implies Connectedness.
Converse is not true.

Example 3.1: [0, 1] in R with usual topology is connected but
[0,1] =1[0,0.8] U [0.2, 1]

Proposition 3.1: If Y is irreducible then Y is irreducible.

Proo_f: If Y = Y; UY, where Y] and Y3 are closed in Y then
Y=YnNnY=YinY)u((YonY).

Proposition 3.2: If Y is irreducible then every open subset of Y is irreducible and dense
inY.

Proof: We've Y is irreducible and let X be open subset of Y which is not dense then
X #Y and Y = X°U X and it is a contradiction since Y is irreducible. We now prove
X is irreducible. If X = UUW, where U and W are closed set in X. Then we show that
X =U or X = W. Since X is open subset of Y and hence dense we've Y = X = UUW.
It implies Y = U or Y = W. Without loss of generality assume Y = U and U in X is
UNX. Also, U closure in X is U since U is closed in X. Hence, U = UNX =Y NX = X.
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Proposition 3.3: Any two open subsets of irreducible space Y intersect.

Proof: Let X; and X5 be two open subset with X; N Xy=@ Then X{U X§ =Y which
is a contradiction.
This is non-Hausdorff characterization of irreducible space.

Definition 3.4 (Affine Variety and quasi Affine variety): An irreducible closed sub-
set of A} is called an Affine Variety and open subset of an Affine variety is called quasi
Affine variety.

Geometric side Commutative Algebraic side
closed subsets of A} <> radical ideals of k[X7, ..., X},]
Irreducible closed subsets <> Prime ideals
Points of A} > Maximal ideals

Now, We prove that irreducible closed subsets corresponds to prime ideal

Theorem 3.1: If [ C k[X1,..., X,] is an ideal then Z(I) C A} is irreducible if and only
if VT is prime.

Proof: Suppose, /I is prime.

To show Z(I) is irreducible. We know Z(I) = Z(v/I). Suppose Z(I) = Y; UY; where
Y1,Ys are closed subset of Z(I) with Y; proper subset of Z(I). Then we've Y;,Y5 are
closed in Aj}.

Hence, Y) = Z(I1) and Yy = Z(I3) where I; and I, are ideals in k[ X1, ..., X,,].

Now, Z(V1) = Z(I) = Y1UY; = Z(11)UZ(Iy) = Z(I1]5). Hence, 1 (Z(V/1)) =1 (Z(1115)).
It implies \/_ VT 15 and thus VI = VI, I, D L .

It implies I; C VI or I, C /I. Taking Z() throughout to get Z(v/I) C Z(Il) =Y or
Z(V1) C Z(I,) = Y,. But Y; is proper subset of Z(I;). Therefore, Z(I) C Y, and Z(I)
is irreducible.

Conversely, assume Z([) is irreducible.

To show /1 is prime.

So let fg € /I then (fg) C v/I. Taking Z() throughout to get Z(fg) > Z(v/I). Using
Lemma 3.3 we get Z(f) U Z(g) D Z(v/I). Hence, we have

Z(VI) = (2(f)nZ(VD)) U (Z(9) N Z(VT))

2(I) = (Z ()N Z(VI)) U (Z(9) N Z(VT))

[\ J/ J/

i Y2
Since Z(I) = Z(\/I) is irreducible and Y;, Y; are closed sets, Assume WLOG Y] = &
then Z(v1) = Z(g) N Z(V/I). It implies Z(v/T) C Z(g). Taking I() throughout to get

1(Z(VT)) > 1(Z(g))=1(Z((g))). Hence, /I =T > \/(g) and we have g € v/T.

Assume both Y; and Y5 are non-empty. Suppose Y; is proper subset of Z(\/T) then
Yy = Z(V/I) and ¢ € V/I. Similarly Y5 is proper subset of Z(v/T) implies f € v/1.

11



Theorem 3.2 (Hilbert’s Nullstellenzats weak form): Let k be an algebraically closed
field. Then the maximal ideals of k[ X7, ..., X,] are exactly of the form (X;—ay, ..., X,,—a,),
for a; € k.

So every polynomial corresponds to a point in A}

Z(Xy —ar, ... Xp—an) =Z(Xy —a1)N...NZ(X, — ay)
= (ay,...,ap)

I((ay,...,a,)) and contains (X; — ay, ..., X;, — a,) which is maximal ideal. So
I((a1,....a,)) = (X1 —aq, ..., X, — ap).

Example 3.2 (Zariski Topology on A}): A} is k along with Zariski Topologly.

Irreducible closed subset of A} are of the form Z(p) where

p C k[X4] is prime ideal. Since k is field k[X;] is P.I.D and in P.I.D every prime ideal is

(0) or maximal ideal. So Z(p) corresponds to A} or Z(p) is a point a; € A}.

Let I < k[Xq], I = (f) for f € I. Since k is algebraically closed

f = (Xl — al)(Xl — CLQ) s (X1 — CLm) and

Z()=Z((H)=2(f)=2Z((X1 —a1) (X1 —az) -+ (X1 — am))

:Z(Xl—CLl)UZ(Xl—CL2>"'UZ(X1—CLm>
={ai,as,...,an}

Example 3.3 (A} is an affine variety): A} = Z({0}). Hence, it is closed and irre-
ducible because (0) is prime, and we have A} is an affine variety.

3.1 Noetherian Decomposition

Definition 3.5: A topological space X is called Noetherian if it satisfies Descending
Chain Condition for closed sets.
Given a sequence of closed subsets 21 2 Zo 2 --- dm >1 2, = Z,,; = forall n > m.

Theorem 3.3: Any Affine Variety is a Noetherian Topological space.

Proof: Let Z be Affine variety. Assume there is infinite chain of 21 2 Zy 2 Z35 2 ---
of subvarities of Z. Then 1(Z,) C I(Z;) € 1(Z3) € --- is infinite chain of ideals in

k[Xi,...X,]. Let I={J I(Z;). Then I is an ideal in k[X7,...X,] because it is ascending
i=1

chain of ideals. Because of theorem 2.8 k[X7, ..., X,,] is Noetherian and I is finitely gen-
erated. Let I= (fy,..., fin) where f1, fo, ..., fmm € L. Then fi,...f,, are contained in 1(Z,,)
for some m because of ascending chain of ideals.So I=(f1,...fn) C I(Z,,) € I and we get
a contradiction.

So as a result A} is Noetherian.

Lemma 3.11: If Z C Z, U Z, U ...U Z, where Z.s are closed and Z is irreducible. Then
Z C Z; for some 1.

Proof: Z=72N(Z,UZyU...U Zy)

Z=ZNZH)U(ZNZy)U---U(ZNZy,)

Each Z N Z; is closed in Z. Assume Z N Z; # @ Vi

Z=(ZNZ)U((ZNZ)U---U(ZNZy)) And since Z is
N—_——

N J/

closed closed
irreducible we must have Z = Z N Z; for some 7 i.e. Z C Z;.
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Theorem 3.4 (Noetherian Decomposition): If X is Noetherian Topological space
then any non-empty closed subset of Y of X can be written as Y = YUY, U---U Y,
with Y; irreducible, closed and non-empty. This decomposition is unique is unique (upto
permutation of Y/s) if no Y; is a subset of Y; for i # j.

Proof: If possible, let & be collection of non-empty closed subsets of X,that cannot be
written as a finite union of irreducible closed subsets and & # @ because X is Noetherian
so G has minimal element say Y, and hence Yj is not irreducible.

Therefore, Yy = Yy, U Yoo where Yy, and Yy, are proper non-empty closed subsets of Yj.
Since, Yp1, Yoo € Yp it implies Yoy, Yoo ¢ & because of minimality of Y. So Yo, Yoo can
be written as a union of finitely many non-empty irreducible closed subset and hence Yj
and that is a contradiction.

Thus & = @. So any non-empty closed subset can be written as Y =Y, UY,U---UY,
with Y; irreducible, closed and non-empty.

To show uniqueness:

Let Y =Y,U---UY, =Y, U---U Ys/, with every Y; Y}/ irreducible closed and non-empty

andSQgZmeori#mandYI;gYT;forn#pWhere1§i,m§sand1§n,p§s’.
This be such that one of Y;’s say Y; does not equal to any of the Yj/. Now, since

icyY.=U Yj'. Then by lemma 3.11, Y] C Yj/ for some j. Similarly, Yj/ c JY; we

i=1 j=1 i=1
have Yj/ C Y, for some [. Then Y; C Yj/ CYandl=1,ie.,Y, =Y implies Y] = Yj/
which is a contradiction.

S

3.2 Affine Coordinate Ring

Futher we explore Affine Coordinate ring.

Geometric side Commutative Algebraic side
AP 40, AAD) = k[X1, ..., X,
dimA}=n = dimk[X1, ..., Xp]=n

Let X be Affine variety,
X =Z(p)pisprime  — A(X) = A(Z(p)) = A(A})/p =A(A})/I(X)

Verification:

A(X) ={f: X — k which are given by polynomials }

A(X) is a ring because sum of two functions is given sum of two polynomials which is
again a polynomial. Similarly product of two functions is given by product of two poly-
nomials which is again a polynomial.

Map 1:

¢ k(X1 ., Xn] — A(A]) defined as f— ev(f) : A(A}) — k or ¢(f) = ev(f)
kerg = {f € k[X1, ., X, | ev(f) = O},
f = 0 because function that takes value as 0 at infinite number of points is a zero func-

tion. So ker¢ = {0} and ¢ is injective. Also, ¢ is k-algebra ring homomorphism and
surjective by definition. Therefore k[ X7, ..., X, ] = A(A}).
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Map 2:

¢ k[Xy, ..., X)) — A(X) = {function X — k} defined as ¢(f) = ev(f)|x
Then ¢ is k-algebra ring homomorphism and it is surjective.

kerp = {f | evf|x = 0}
i.e. f takes value zero at all points of X.
So, kerg =I(X) and k[X7, ..., X,,]/T(X) =2 A(X).

Definition 3.6: For Noetherian topological space, X, we define
dim(X) = supfn | 3 % C 21 C -+ C 7}
wher each Z; is irreducible closed subset.

Zy is non-empty because of irreducibility. If YV is subvariety in X.

Then codim(Y) = dim(X)—dim(Y")

Definition 3.7: X is called hypersurface if dimX =n — 1 or codim(X) =1

Let X be Affine variety of dimension r then 3 a chain of irreducible closed subsets
Zy © 21 C Zy C© -+ € Z,. where Zy corresponds to a point and Z, = X because if

not we could get a bigger chain, contradicting the dimension of X.
It implies I(X) = 1(Z,) C I(Z,_1) € --- CI(Zp) where I(Z) is maximal ideal. So we have

ht1(X)

0)Cpm G CIXN)=UZ) C1(Z0) S S 1(Z)

J/

dimX =dimA(X)

Thus this is the longest chain of prime ideals in k[X7, ..., X,,].
Therefore ht(I(X))+dim(X) = dimg k[ X1, ..., Xp] =n

Geometric side Commutative Algebraic side
X is hypersurface if dimX =1 +— I(X) = (f) for
f € k[X1, ..., X;,] and irreducible.

Proof: Suppose X is geometric hypersurface. I(X) is prime because X is Affine variety.
From above ht(1(X))+dimX = n and dimX = n — 1 so it implies ht(I(X)) = 1. Since,
k[X1,...,X,] is UFD and [(X) is prime ideal of height 1, I(X) = (f) and f is nonconstant
and irreducible.

Conversely, let I(X) = (f) where f € I(X) and f is irreducible and nonconstant.
dim(X) = n — ht(I(X)). Since k[Xi, ..., X,] is UFD and f is irreducible it implies (f) is
prime ideal. So, minimal prime ideal over (f) is (f).

By theorem 2.5 theorem and the fact that (0) is prime ideal, ht(f) =1 i.e. ht(I(X)) =1
and dim(X) = n — 1. And we have that X is geometric hypersurface.

Suppose f € k[X7, ..., X,,] is non constant and f = f{" f3'* - - f™ be its unique factoriza-
tion with each f; is irreducible. Z(f) = Z(f1)UZ(fa)U---UZ(f,,) since f; are irreducible
and k[X7, ..., X,,] is UFD implies (f;) is prime ideal. Hence,Z(f;) is irreducible and closed.
Z(f)=Z(fi)UZ(fs)U---UZ(fn) is Noetherian decomposition of f. Now, each Z(f;)
defines a hypersurface and Z(f) is union of hypersurfaces.

Example 3.4: Quadratic cone give by Z(X? +Y? — Z?) C A}.
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3.3 Open sets in Zariski Topology

Let U be an open set in A}. Further assume U # () and U # A}. Recall U is irreducible
and dense. So let A7 \ U = Z(I) for some I C k[Xy,...,X,]. Let I = (f1,..., fn) then

Z(I) = 6 Z(f:). Hence U = AP\ Z(I) = L) AR\ Z(f;). A set of the form A} \ Z(g) is

i=1 %
called a basic open set and is denoted by D(g).
Now we have D(g), a basic open set, is an affine variety in A7 and A2\ 0 is not an
affine variety. So the question is given an object in affine space how do we identify if
its an affine variety. To answer it we give the equivalence of categories. We prove the
equivalence in the subsequent section developing necessary theory along the way.

Definition 3.8: A topological space is called quasi-compact if given any open cover, we
find a finite subcover.

Proposition 3.4: The Zariski Topology is quasi-compact.

The proof follows from next two Lemmas.

Lemma 3.12: Any Noetherian topological space is quasi-compact.

Proof: Let {U; | i € A} be open cover for topological space X.

Let &={J U;|i€ N i>1}. &+# &since X is non-empty topological space and X has
i=1

atleast one open subset. Since X is Noetherian & has maximal element say UsU---UU,,.

Take U;. Then UyU---UU,UU; D UyU---UU,. This gives Uy C Uy U---UU, fori € \.

So X =U; CU,U---UU, C X. Therefore X =UyU---UU,.

Lemma 3.13: If X is Noetherian topological space and Y C X then Y is Noetherian
topological space for the induced topology.

Proof: Let 71 2 T O --- be descending chain of closed sets in Y. Then taking closure
in X gives T} 2Ty - . Since X is Noetherian we have T; = T, for i > 1,
7-'1‘+1:Ti+1ﬂY:TimY:Ef0ri2io.

The above two lemmas prove that any subset of Affine space is quasi-compact.

4 Equivalence of Categories between Category of affine variety
and the opposite category of finitely generated integral domain
over k

4.1 Categories and Functor

Definition 4.1 (Cateorgy): A category C can be described as a class of Ob, whose
members are the objects of C, and a class of morphisms satisfying the following three
conditions:

Morphism :For every pair X,Y of objects, there is a Hom(X,Y") called the morphisms
from X to Y in C. If f is a morphism from X to Y, then we denote f: X — Y.
Identity : For every object X, there exists a morphism id x in Hom(X, X) called identity
on X.

Composition : For every triple X,Y, Z of objects, there exists a partial binary operation
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from Hom(X,Y) x Hom(Y,Z) to Hom(X, Z), called the composition of morphisms
inC. If f: X — Yandg:Y — Z then the composition of f and ¢ is denoted
gof: X —Z.

Further Identity, composition and morphisms satify the two axioms:

Associativity : If f: X — Y, 9:Y — Zand h: Z — W, then ho(go f) = (hog)of.
Identity : If f: X — Y then (idy o f) = f and (foidx) = f.

Example 4.1: Consider the category Vecy of vector spaces over the given field k. Here
the objects are k-vector spaces and the morphisms are linear trabsformations.

Example 4.2: Category of abelian groups Ab, consists of abelian groups as objects and
group homomorphisms as the morphisms.

Definition 4.2 (Contravariant Functor): A contravariant functor F' from a category
A to a category B, denoted F : A — B is the following data. It is a map of objects
F : obj(A) — obj(B), and for each Ay, Ay € A, and for morphism m : A} — A, a
morphism F(m) : F(As) — F(A;) in B. We further require that F' preserves identity
morphism. ie. for A € A, F(ids) = idp(a), and that F' preserves composition. i.e.
F(mgomy) = F(my) o F(ms).

Example 4.3: Vec, is the category of k vector spaces, then dual gives contravariant
functor (.)* : Vecy — Vecg. For each linear transformation between vector spaces,
f:V — W we have dual transformation f*: W* — V* and (f o g)* = g* o f*.

Example 4.4: There is a contravariant functor Top — Rings taking a topological
space X to the ring of real-valued continuous functions on X. A morphism of topologiacal
spaces X — Y, induces the pullback map from functions on Y to functions on X.

Definition 4.3 (Equivalence of Categories): Given two categories A and B, equiva-
lence of categories consists of functors F': A — B and F’: B — A such that F o F’ is
natuarlly isomorphic to the identity functor idg on B and F”’ o F' is naturally isomorphic
to idA.

In 4.3 we will use alternative characterization of equivalence of categories:
A functor F': A — B yields equivalence of categories if and only if it is simultaneously:
a) Full , i.e., for any two objects Ay, Ay € A, the map

Hom (A, Ay) — Hompg(F(A,), F(Ay))

induced by F'is surjective.
b) Faithful ,i.e., for any two objects A, Ay € A, the map

Hom 4(A;, Ay) — Hompg(F(A;), F(Ay))

induced by F'is injective.
¢) Essentially surjective(dense) , i.e., each object By € B is isomorphic to an object of
the form F(A;), for A; € A.

Remark: If functor is contravariant then for a) and b) morphisms are reversed in target
category.

Remark: Even though in 4.3 we use above criteria, the inverse functor of functor A() is
MazSpec.

Remark: For 4.3 we get essential surjectivity from 3.2
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4.2 Regular functions

Definition 4.4: Let f be a function defined in an open neighborhood of a point x in an
affine variety or quasi affine variety then f is regular at x if there exists polynomial g and

h with h # 0 in an open neighborhood of x and f = £ in that open neighborhood of x

and f is regular function if it regular at each point of space.

Let U C A} be affine variety or quasi affine variety then

OW)=A{f| fisregular on U}. f € O(U) implies f : U — k is a map that is regular
at each x € U. So for every z € U there exists polynomial g,,h, € k[X1,---, X,,] such
that z € D(h;) and f = {* on an open neighborhood of x contained in D(h,).

Lemma 4.1: Any regular function is continuous.

Proof: Let f € O(U) and f = { for some polynomials g and h. It is enough to prove
71 of closed set is closed. A closed set of Aj is finite set of points since degree of any
polynomial is taken to be finite. Also f~'(lJ A;) = U(A;) so it is enough to show that

fYa) ={p €Y | f(p) =a} is closed for any a € k. A subset Z of Y is closed if and
only if Y can be covered by open subsets U such that Z N U is closed in U for every U.
Let U be the open set on which f can be represented as f = 7 with g,h € A(A}) and h
is nowhere 0 on U. Then,

f7in U:{p€U|%:0}:{pEU|p€Z(g—ah)}:UﬂZ(g—ah)

So f~!(a) is closed in Y and the result follows.

Lemma 4.2: If two regular functions are equal on non-empty open subset of irreducible
topological space Y then they are equal everywhere.

Proof: Any non-empty open subset is dense. Let f,g € O(A) and f = gonsome U C Y.
Then on U, f — g = 0 implies U C Z(f — g) and U is dense so Z(f — g) = Y and the
result follows that f = g.
Theorem 4.1: O(A}) ~ A(A})
Proof: Define the map as follows

p: A(AL) — O(A})

g— (g: Ay — k)

Every polynomial is regular function and ¢ is k-algebra homomorphism. Since k is alge-

braically closed field kery = {0}. So ¢ is injective.
Let f : A} — k be a mapping. A} is open set so there exists finitely many points

X1, T, , &, such that A} = | D(hy,) where h,, € k[X;,---,X,] and f = QL So we

=1 ha;®
have,

g = <UD(hxz)> :ﬂZ(hxi):Z(hl‘w"'  he,y)
i=1 i=1
It implies (hg;, -+ ,hs,) = 1. Then there exists tq,--- ,t, € k[X1,---,X,] such that
> tihy, = 1. Therefore, > (t;hy,)f = f and > tig., = f.
i=1 =1

i=1
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4.3 Morphisms of affine and quasi affine varieties

In this section by varieties we mean affine or quasi affine varieties.

Definition 4.5: Let X and Y be varieties. A morphism ¢ from X to Y is continuous
map. Further, ¢ : X — Y is such that for all open subsets V' C Y, the pullback of
maps via ¢ takes regular function on V', namely O(V) to regular functions on U, namely
O(U) where U = o~ 1(V) is open.

Theorem 4.2: Mor,, (X, A}) = O(X)

Proof: Let ¢ : X — Al be a morphism. So for any open set V' C A¥ we have
0" O(V) — O(p~1(V)). Put V = Aj. Due to theorem 4.1 we have
O(A}) = A(A}) = k[T] and ¢ € O(X).
¢ O(A)) — O(X)
idyr — go*(idAi) =idpop=9¢p
Conversely, let f € O(X).Then by definition 4.5 f is continuous. We check V open subsets
V C A} and every ¢ € O(V), f*(¢) = o f € O(f1(V)). Also, O(V) = k[T, for some

g € k[T]. Since non-empty open subset of Aj is basic affine open. We have, V = D(g)
for g € k[T]. Now, consider the following diagram:

X > Ay
open]\ ]\open
_ f
f7HV) » V= D(yg)
£ (o) /
k
claim: f*(g%) = (g};%cm is regular function.

g o f does not vanish on f~'(V) because if g o f vanishes on f~1(V) then (go f)(z) =0
for x € f~1(V) implies g(f(x)) = 0 but f(z) € D(g) where g does not vanish. So it is
enough to show that ho f and go f are regular function on f~*(V). f is regular so locally

f= g where P,Q € k[Xy,- -+, X,] with X < A? and if h = h(t) = >_ a;t’ then ho f is
=1
locally h(g) = ; "Tpl So ho fis regular on f~1(V) and f € Mor,, (X, A}).

Lemma 4.3: Let U be an open subset of an affine variety X and let ¢ € O(U). Then
Z(p)={x € U| p(x) =0} is closed in U.

Proof: By definition 4.4 any point x € U has an open neighborhood U, in U on which
0= «j’f—z for some f,, g, € A(X) and U, = D(f,). So the set,

UN\Z(p) = Us\Z(92) = {y € U | (y) # 0}
={y €U, | gz(y) # 0}
={ye U, |ye D)}
= U, N D(g,) which is open in X

So, U U.ND(g,)isopenin X. Thus |J U,\Z(¢) = U\Z(p) is open in X. This implies
zelU zelU

Z () is closed in U since U\Z(p) C U.
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Theorem 4.3: Let X be an affine variety and let Y be any variety. Then there is natural
bijection of sets.

MOI‘var<Y, X) <> Homk_algebm(A(X), O(Y))
Proof: Define o as

a : Mor,q, (Y, X) <— Homy_sgepra(A(X), O(Y))
Q> Q"

Also, ¢* is k—algebra homomorphism since addition, multiplication are defined pointwise.
We show bijection by proving that « is injective and surjective.

Suppose a(¢1) = a(p2) then we need to show that ¢; = ¢o. Let A} be affine space with
coordinates T1, - -+, T,, and @1, pa € Mor,,, (Y, X).

Fory € Y let ¢1(y) = (A1, -+, A\n) and pa(y) = (p1, - -+ , in). Further, by our suppostion
we have

01 =5 AX) =0(X) — O(Y)
Ti|x = T; = 01(Ti) = p3(T3) Vi

i.e., Tyop, =T;0 @y Viimplies \; = pu; Vi. Hence ¢1(y) = ©2(y).
Conversely, let ¢ € Homy_qgepra(A(X), O(Y)) so

¢t AX) — O), T — f;

Define,
VY — ALy = (fily), -, fu(y)

Claim: ) maps into X.
Let g € [(X) C k[T1,--- ,Tp). Then g = 0in A(X) = k[T}, -, T,] /I(X).
We have,
(:AX) — O)
is k — algebra ring homomorphism and hence ¢(g) = 0.

ie., ((9(Th,--- ,T,)) = 0 implies g(f1,---, fn) = 0. g(f1,-- -, fn) is polynomial,

fi € O) and g(f1, -+, fn) = 0. Hence g(f1, -, fn) is zero function. It implies
g(fi(y), -, fuly)) =0 Vy € Y. Hence g(¢(y)) = 0 for arbitrary g € I(X) and

Wly) € Z(1(X)).

To show: 1 is morphism.

That is we show % is continuous and pullback regular function to regular function. We
have,

VY — X

is set theoretic map and

o) = 4"+ ACX) — Map(Y, k)
h—— " =ho

So, (¢*(h))(y) = )()h ° %)(y) = h(¥(y)) = h(fi(y), -, fu(y)). And for y € Y,

h(fi(y), -, fuly (R(T1,--- ,T,))(y) so it implies ¢* = . Further we have

¢ : A(X) — O(Y). Therefore 3 pullsback regular function to regular function. Let
Z(J) C X then,
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y — ¥ X

¢ N(Z(]) =~ (ﬂ h—1<0>) = (v '(h(0))
¥*(h) "
k

heJ heJ

= Z(hov)
heJ
which is closed in Y by lemma 4.3. Hence, f is continuous and « is surjective.

¥

Lemma 4.4: If Y —2— X,

varieties with X; and X5 affine, then k—algebra homomorphism A(X) :— O(Y') given
by (¢ o ¢)* is same as composition ¢* o ¢*.

» X5 1is a sequence of morphism of

Proof: If ¥ —% & X, —*+ X, then Y 2%, X, —" 4 &
To show that (1) o 9)* = ¢* o 1p*. We have,

P
Yy 25 X, y X,

lh
%
o (" (1)) k

(Vo) (h)=ho(Yoyp)=(hot)oyand
("o yp")(h) = ¢ o (¥*(h)) = " (ho) = (hotp)op

Proposition 4.1: Two Affine Varieties X; and X, are isomorphic if and only if A(X;)
and A(X5) are isomorphic as k — algebras.

Proof: From theorem 4.3
(O Morvar(Xlu XQ) % Homkfalgebra(A<X2)7 A<X1))
pr— alp) ="

If X; and X, are isomorphic and ¢ € Mor,q, (X1, X5) then there exists ¥ = ¢! such
that ¢ o1 = idx, then since composition is a morphism and from lemma 4.4 we have,

idx, = p ot (pot)' =4’ oy’ =id"

This proves * is an isomorphism. Similar argument hold for the converse part.
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